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New application of wavelets in magnetotelluric
data processing: reducing impedance bias
Hugo Larnier*†, Pascal Sailhac† and Aude Chambodut†
Abstract
Magnetotelluric (MT) data consist of the sum of
several types of natural sources including transient
and quasi-periodic signals and noise sources
(instrumental, anthropogenic) whose nature has to
be taken into account in MT data processing.
Most processing techniques are based on a Fourier
transform of MT time series, and robust statistics
at a fixed frequency are used to compute the MT
response functions, but only a few take into
account the nature of the sources. Moreover, to
reduce the influence of noise in the inversion of the
response functions, one often sets up another MT
station called a remote station. However, even
careful setup of this remote station cannot prevent
its failure in some cases. Here, we propose the use
of the continuous wavelet transform on
magnetotelluric time series to reduce the influence
of noise even for single site processing. We use two
different types of wavelets, Cauchy and Morlet,
according to the shape of observed geomagnetic
events. We show that by using wavelet coefficients
at clearly identified geomagnetic events, we are
able to recover the unbiased response function
obtained through robust remote processing
algorithms. This makes it possible to process even
single station sites and increase the confidence in
data interpretation.
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wavelet transform; Response function; Sferics;
Geomagnetic pulsations
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Introduction
The magnetotelluric (MT) method is based on the in-
duction of natural electromagnetic (EM) fields in the
ground. These natural fields can be categorized into
two main classes. High frequency (HF) signals (with
frequencies over 1 Hz) are mainly due to lightning ac-
tivity, and the associated EM waves conveyed in the
waveguide made of the ionosphere and the conductive
earth. The other main class of EM waves is due to the
interaction of the solar wind with the Earth’s magnetic
field, and this produces magnetohydrodynamic waves
that are transmitted in the atmosphere through the
ionosphere from the magnetosphere [1, 2].
The MT method is thus based on the quasi-uniform
source assumption whereby sources are supposed to be
far from the measurement point [3, Chapter 2]. In this
approximation, the horizontal electric field e = (ex, ey)
is linked to the horizontal magnetic field h = (hx, hy)
by convolution products ∗ (in the time domain) with
impulse response functions (zxx, zxy, zyx, and zyy),
which are components of the impedance tensor z:
ex(t) = zxx(t) ∗ hx(t) + zxy(t) ∗ hy(t),
ey(t) = zyx(t) ∗ hx(t) + zyy(t) ∗ hy(t).
(1)
According to properties of the Fourier transform, this
gives us the following relation:(
Ex
Ey
)
=
(
Zxx Zxy
Zyx Zyy
)(
Hx
Hy
)
, (2)
where E and H are the Fourier transform of e and h,
respectively, and Zij is a 2 × 2 complex tensor.
Z can be transformed into apparent resistivity ρa
and phase φ with:
ρa = |Z|2/(µω),
φ = arctan(=(Z)/<(Z)),
µ = 4pi10−7 H/m being the magnetic permeability,
and ω = 2pif with f the signal frequency. These quan-
tities are then analyzed or inverted to infer geoelectri-
cal properties of the subsurface.
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Figure 1 Electromagnetic time series at Piton de la Fournaise MT stations on 28 May 1997. Sampling frequency: 0.05 Hz.
Because of the nature of MT time series (e.g., noise
heteroscedasticity) and the complexity of the source
field (transient nature and diversity of polarizations),
Z computation is not straightforward. These issues
have been the focus of several methods published since
the 1970s. Addressing these issues is the objective of
this paper.
The first important issue to address is the effect of
noise in MT time series. Indeed, Z estimations can be
severely down weighted by noise on the magnetic field
[4]. The usual way to get rid of this bias is to set up
a second MT station called a remote station [5]. This
station is used in the processing while assuming that
sources of noise at both stations are not correlated so
that the bias is drastically reduced.
The second issue we would like to address comes from
the complexity of MT time series that we mentioned
before. The first MT processing techniques (e.g. [4])
were based on least-squares analysis which fails in the
presence of outliers. Outliers may originate from sev-
eral issues including non stationarity, the source effect
of MT signals and brief overwhelming noise. Robust
statistics were then applied to MT processing to ac-
commodate these outliers [6, 7]. Another approach was
the use of wavelet techniques to look for MT sources
or remove noise in the time series. Zhang & Paulson
[8] applied the continuous wavelet transform (CWT)
on high frequency data to select sferics events. They
thus increased the signal-to-noise ratio in the response
function determination in a straightforward way by
the selection of useful signal parts. Trad and Travassos
[9] used wavelets specifically to filter MT data in the
time-frequency domain before processing with robust
algorithms. Escalas et al. [10] used wavelet analysis
to study the polarization properties of cultural noise
sources in MT time series.
We took into account both the issues of noise and of
the transient nature of some MT sources by applying
the CWT on two types of signals, namely, geomagnetic
pulsations and sferics. We demonstrate that the CWT
may also be a powerful tool to reduce the bias in the
computation of the impedance tensor, even in the case
of single station processing.
Methodology
Continuous wavelet transform
The CWT is a mathematical technique used to de-
compose a signal on a time-frequency representation
through a special class of functions called wavelets. A
wavelet can be defined as a physical event (e.g., Green
function) and has to fulfill the following two condi-
tions: it has to be localized both in the time and fre-
quency domains and has to be a zero-mean function
(the so-called admissibility criteria) [11]. The wavelet
Larnier et al. Page 3 of 10
transform allows one to compute coefficients depend-
ing on two factors, the dilatation a > 0 (corresponding
to frequency) and translation τ (time). Each coefficient
is computed following equation (3), where s is the an-
alyzed signal (e.g., electric or magnetic field), ψ is the
mother wavelet, and ∗ represents the complex conju-
gate:
Wψ[s](a, τ) =
∫ +∞
−∞
dt
1
a
ψ∗
(
t− τ
a
)
s(t) τ ∈ R. (3)
By using the properties of the fast Fourier transform
(FFT) with the convolution, one is able to compute
wavelet coefficients very quickly.
Wavelet’s choice
In this work, we have chosen two different wavelets, the
Cauchy and Morlet wavelets, and each is adapted to
the shape of the considered geomagnetic event. Both
wavelets are progressive ones with real valued Fourier
transform.
The Cauchy wavelet is given in the frequency domain
by:
ψ̂c(aω) =
2m√
mΓ(2m)
H(ω)(aω)me−aω, (4)
where m is the wavelet’s order (corresponding to the
derivative order if an integer), H is the Heaviside step
function, Γ is the gamma function and a is the dilata-
tion factor.
The Morlet wavelet is given in the frequency domain
by:
ψ̂m(aω) = pi
−1/4H(ω)e−(aω−ω0)
2/2, (5)
where ω0 is the central pulsation of the wavelet, H
is the Heaviside function and a is the dilatation fac-
tor. Equation (5) does not represent an admissible
wavelet if ω0 is not high enough to fulfill the zero-
mean condition. To make it admissible, ω0 must be
above pi
√
2/ log(2). A high ω0 implies a high number
of oscillations in the wavelet functions.
The following sections illustrate the wavelet choice
according to the observed geomagnetic events.
Pulsations
Geomagnetic pulsations are the result of the interac-
tions between the solar wind and the magnetosphere,
and these events will appear on EM time series as
short oscillations (Figure 1). The pulsations can be di-
vided into two main classes, continuous (Pc pulsations)
or irregular (Pi pulsations). Continuous pulsations are
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Figure 2 Geomagnetic pulsation on Hx and its
representation in time frequency space. MT site: Piton de la
Fournaise (see Real data application section). The time axis is
the same as Figure 1. a) Comparison between a pulsation
(black line) and Morlet wavelet (real part, red line). b)
Wavelet coefficients of the pulsation shown in a) while using
the Cauchy wavelet. c) Wavelet coefficients of the pulsation
shown in a) while using the Morlet wavelet.
quasi-periodic oscillations whose occurrences vary dur-
ing the day. For example, Pc1 pulsations are predom-
inant during day-hours (in local time) at high lati-
tudes and during night-hours at low latitudes [1, 12].
Moreover, even during periods of occurence, they of-
ten appear as pearls on magnetograms with alternat-
ing periods of high and low signal-to-noise ratios [13].
Irregular pulsations are characterized by a short time
duration in comparison to Pc pulsations, and they can
be classified as transient events in MT time series. Geo-
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Figure 3 Electromagnetic time series at Rittershoffen MT stations. Sampling frequency: 512 Hz. Time series start on 2 of June
2014 at 18 h 17 min and 24 s (UT).
magnetic pulsation signals contain several oscillations
so they are very localized in the time and frequency
domains simultaneously. Thus like previous authors
(e.g., [8, 14] for atmospherics signals) we have chosen
the Morlet wavelet, which represents the best compro-
mise between the time and frequency resolution. Use
of the Cauchy wavelet would be hazardous because of
its low frequency resolution. Both Morlet and Cauchy
wavelet coefficients are shown Figure 2. As illustrated,
the highest coefficients corresponding to the geomag-
netic pulsations are much more scattered in terms of
the frequency when using then Cauchy wavelet instead
of the Morlet wavelet.
Sferics
Sferics are transient events that occur in the frequency
band range of 1 Hz to more than 10 kHz [15]. These
signals are the most energetic part of the MT signal in
these frequency bands (even if other phenomena occur
such as Schumann resonances between the waveguide
made by the ionosphere and Earth’s surface).
These sferics are characterized by a sudden impulse
in the time domain and can be divided into two main
frequency bands, namely, those above 1 kHz and those
below it. In the low frequency band of extremely low
frequency (ELF) waves, sferics consist of a high am-
plitude impulse (Figure 3) called the slow tail [16],
whereas in the high frequency band of very low fre-
quency (VLF) waves, sferics are mainly shaped as os-
cillations. To analyze ELF waves using the CWT, we
have chosen the Cauchy wavelet. Most of the previous
work on MT methods with wavelets was based on the
Morlet wavelet stemming from its properties of good
resolution both in terms of the time and frequency
[8, 14]. However, the shape of the ELF wave (Figure 4
(a)) is very impulsive and therefore wide in frequency,
so it is closer to Cauchy’s shape than to Morlet’s one.
Indeed, the ELF wave is very short in time and has
very few oscillations, so we need a wavelet that has
similar properties. As illustrated in Figure 4 (b,c), the
highest coefficients obtained with the Morlet wavelet
span a wide time length, i.e., longer than the actual
length of the ELF wave. Because of their impulsive
nature, sferics have a wide frequency content [16]. In
the time-frequency domain, sferics appear as a series of
high valued coefficients along the frequency axis (very
localized in time and spread out in frequency).
Selection of wavelet coefficients
We manually picked geomagnetic events from our MT
time series and selected wavelet coefficients from the
time-frequency plane by using the following method-
ology.
Larnier et al. Page 5 of 10
−20
−10
0
10
20
El
ec
tri
c 
fie
ld
 (m
V/
km
)
−20
−10
0
10
20
Ca
uc
hy
 w
av
el
et
 (R
ea
l p
art
)
a
101
102
Fr
eq
ue
nc
y 
(H
z)
60.6 60.7 60.8
Time (s)
−2 −1 0 1
log10(mV/km)
b
101
102
Fr
eq
ue
nc
y 
(H
z)
60.6 60.7 60.8
Time (s)
−2 −1 0 1
log10(mV/km)
c
Figure 4 Sferic on Ex and its decomposition in
time-frequency space. MT site: Rittershoffen (see Real data
application section). Time axis is the same as Figure 3. a)
Comparison between a sferic (black line) and Cauchy wavelet
(real part, red line). b) Wavelet coefficients of the sferic shown
in a) while using the Cauchy wavelet. c) Wavelet coefficients
of the sferic shown in a) while using the Morlet wavelet.
In a way similar to wavelet based denoising tech-
niques, amplitudes of the wavelet coefficients are used
to define the selection scheme. The MT system (1) can
be solved in a univariate way for ex and ey separately.
In both cases, one has to obtain good signal-to-noise
ratios for both hx and hy. At each scale, for every chan-
nel s (output channel (ex or ey) and input channel (hx,
hy)):
• We compute the median value α of the distri-
bution of |Wψ[s](a, τ)| over a length Ta = Nta
around t0, which is the time position of the previ-
ously picked event. N in this work is set to 30 and
ta is the time step corresponding to the analyzed
scale.
• From this value, we define a threshold set as β
times the median value α.
• All coefficients below this threshold level are dis-
carded for the magnetotelluric response function
computation.
• Coefficients are kept for the final computation
when the threshold is reached on (ex, hx, and hy)
or (ey, hx, and hy).
This criteria is sufficient for geomagnetic pulsations
(below the Hz). However, for ELF waves, we add one
more criteria to fulfill, that is, selected coefficients
must span a large frequency range (basically the whole
frequency range of ELF waves without MT and audio-
magnetotelluric (AMT) dead bands). In practice, we
check the Fourier spectrum of the EM time series,
which is a good indicator of dead band boundaries.
Depending on the signal-to-noise ratio or the time of
the day, this limit can be highly variable.
When a remote station is available, we add another
criteria to discriminate noise from geomagnetic events.
Indeed, the horizontal magnetic coefficients at the re-
mote station have to fulfill the same properties. At the
end of this stage, we obtain a group of wavelet coef-
ficients for each scale and each selected geomagnetic
event.
Inversion of wavelet coefficients
Zhang & Paulson [8] demonstrated that equation (2)
can be written as:
Wψ[ex](a, τ) = ZxxWψ[hx](a, τ) + ZxyWψ[hy](a, τ),
Wψ[ey](a, τ) = ZyxWψ[hx](a, τ) + ZyyWψ[hy](a, τ).
(6)
This system of linear equations in the time-frequency
domain can be described by the following equation:
d = Gm, (7)
where d contains the electric field wavelet coefficients
(Wψ[ex](a, τ), Wψ[ey](a, τ)), G contains the magnetic
field coefficients (Wψ[hx](a, τ), Wψ[hy](a, τ)), and m
contains the MT response functions Z. The classical
least-squares solution to this equation is:
Z = (GTG)−1GT d, (8)
This solution is inevitably downward-biased [4]. One
solution is to include a remote station in the processing
scheme [5]. The solution then becomes:
Z = (GTr G)
−1GTr d, (9)
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where Gr contains the remote station magnetic field
coefficients Wψ[rx](a, τ) and Wψ[ry](a, τ). Another
way to reduce the bias is to actually make the pre-
dictor variable (here, the h field) as noise-free as pos-
sible. In this alternate procedure our goal is to use the
wavelet coefficients of high signal-to-noise ratio geo-
magnetic events in the computation. By doing so, we
will reduce the bias introduced by noise on the mag-
netic field in the solution (8).
To reduce the influence of noise in the electric field,
we also use robust statistics instead of classical least-
squares. As explained in Chave & Jones [3, Chapter 5],
robust statistics were introduced for MT because of
the properties of natural-source electromagnetic data.
Among these reasons, they state ”finite duration of
many geomagnetic or cultural events” and ”marked
non stationarity.” Moreover, the heteroscedasticity of
the noise can hide natural events along the time se-
ries. The main argument for using wavelet transform
is precisely to take into account these issues by get-
ting rid of the non- useful part of the time series (e.g.,
no apparent geomagnetic signal) before computing the
MT response function. In practice, in many time series
the non-useful part is the largest component. Conse-
quently, Z computation is only based on parts of the
time series where there is a significant induction oc-
curring in the subsurface. Indeed, a significant part of
the records cannot be used because of the noise level
of current state-of-the art magnetic sensors [3, Chap-
ter 9]. For example, in the AMT dead band, the signal
does not rise above the noise level of the induction coils
during daytime [15]. Robust statistics are still neces-
sary, but we considerably increase the signal-to-noise
ratio on all selected events.
Zhang & Paulson, [8] worked in a single station con-
figuration and used conventional least-squares analy-
sis to resolve equation (7). Instead of using all selected
wavelet coefficients to recover the MT response func-
tions, we estimate the response function on pairs of
geomagnetic events. Doing so allows us to build a dis-
tribution for each component of the impedance tensor
(e.g., Figure 5).
At each scale for each pair of geomagnetic events,
the response function is estimated by using the Hu-
ber M- estimator described by Chave et al. [6] in a
MT context. From the distribution of response func-
tions at each scale estimated from all available pairs of
geomagnetic events, we represent the final estimation
by taking the median value (less sensitive to outliers).
The confidence interval is represented by using the in-
terquartile range (IQR) L-estimator of the distribution
[17]. The IQR has a breakdown point of 50 %, which
makes it robust to long tails in the distribution while
still being a good measure of the dispersion or skew-
ness in the distribution.
Real data application
Datasets
We applied the previously described technique on two
real datasets to illustrate the potential of using wavelet
coefficients on both geomagnetic pulsations and sferics.
The first dataset consists of MT data that were ac-
quired with a sampling frequency of 512 Hz in the
northeastern part of France near the town of Ritter-
shoffen as part of a geothermal monitoring experi-
ment [18]. The electric measurements were made with
EPF06 electrodes, and the magnetic measurements
with MFS07e coils from Metronix SA. Data in this
area are badly contaminated by 50/3 Hz and 50 Hz
noise and their harmonics. We filtered this noise by
using a notch filter with 2048 coefficients. The remote
used with these measurements is located on the site
of the Welschbruch geophysical station in the Vosges
mountains at about 60 km away from the measure-
ment site.
The second dataset consists of electromagnetic hor-
izontal measurements that were acquired on the La
Fournaise volcano before, during and after the 1998
eruption [19]. The data were acquired with a sampling
frequency of 0.05 Hz with induction coils similar to
those made by Metronix or Phoenix Geophysics [20],
and Pb- PbCl2 electrodes. The remote station used
here is also located on the volcano, a little less than 10
km away from the measurement station.
To assess the validity of our method, we have com-
pared our results with the ones obtained with robust
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Figure 6 Comparison of wavelet based determination of the
impedance tensor and robust algorithms. MT site:
Rittershoffen site with remote reference processing.
processing codes from the work of Alan D. Chave
(BIRRP, Bounded Influence Remote Reference Pro-
cessing, [6, 21]), and Gary Egbert (EMTF, [22]). For
simplicity, we consider error bars as they were calcu-
lated by the robust processing codes, even if they can
be discussed in more detail [23, 24, 25].
The threshold factor value β was set to 1 for the sferic
application and 4 for the pulsation application, but
other values can be chosen depending on the signal-
to-noise ratio of the processed time series.
Remote processing
We compared the MT response functions obtained by
using the wavelet coefficients with those from the ap-
plication of other processing codes for both datasets.
In both frequency bands (Figures 6 and 7), the
response functions obtained with the wavelet coeffi-
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Figure 7 Comparison of wavelet based determination of the
impedance tensor and robust algorithms. MT site: Piton de
la Fournaise site with remote reference processing.
cients were comparable to those obtained with both
processing codes. For response functions in the fre-
quency band covered by geomagnetic pulsations (low
frequency band), wavelet inversion was also in agree-
ment with robust processing even if the source was
not as impulsive as sferics. Figure 5 also demonstrates
that the use of robust statistics on the wavelet coef-
ficients of only two events allowed for the recovery of
the response functions with good accuracy.
Single site processing
For single site processing, we processed single site MT
stations by removing the remote station for all pro-
cessing codes. For visual comparison, only BIRRP re-
sults are shown, but conclusions remain the same for
EMTF.
For high frequency results (Figure 8), ρyx was down-
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Figure 8 Comparison of wavelet based determination of the
impedance tensor and robust algorithms. MT site:
Rittershoffen site in single site processing.
ward biased by noise over a large frequency bandwidth
and ρxy was also biased around 0.08 Hz. Because of the
position of the station near housing, it was difficult to
assess where the noise source was (it could have been
from electric fences or pipelines). In this case, the re-
sult given by robust processing in the single site con-
figuration would lead to a wrong interpretation of the
MT response. Wavelet processing allows one to drasti-
cally reduce the noise bias and recover the impedance
tensor obtained by using remote processing even near
the 50 Hz frequency.
For low frequency processing (Figure 9), the single
site ρxy was slightly downward biased by noise where
the wavelet-based result remained within the confi-
dence bounds of the remote processing. Particularly,
the ρxy component was very sensitive to the coher-
ence parameter. Some examples of interpretable MT
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Figure 9 Comparison of wavelet based determination of the
impedance tensor and robust algorithms. MT site: Piton de
la Fournaise site in single site processing.
responses for this component are illustrated Figure 10.
If the coherence parameter is too low (below 0.5), ρxy
is distincly biased by noise (up to a factor of three) for
periods below 200 s.
Other transient applications
So far, we have illustrated only two types of transient
signals, namely, sferics in their lowest frequency range
(e.g., slow tails) and geomagnetic pulsations. This ap-
proach can also be applied on wider MT bands than
the ones presented in this paper.
For higher frequency applications, the slow tails
studied in this paper already contain frequency content
above 256 Hz (up to 1 kHz). Other impulsive waves
such as VLF waves have a distinctive signature in the
time-frequency plane and frequency content from 1
kHz up to more than 10 kHz [26]. In Figure 11, we
Larnier et al. Page 9 of 10
101
102
103
Ap
pa
re
nt
 re
sis
tiv
ity
 ρ
 
(Ω
.
m
)
101 102 103
Period (s)
Remote reference results:
BIRRP with remote station data
Single site results:
Wavelet based results
BIRRP using a 0.5 coherence threshold
BIRRP using a 0.7 coherence threshold
BIRRP using a 0.9 coherence threshold
Figure 10 Dependance of ρxy robust results on the
coherence parameter. MT site: Piton de la Fournaise site in
single site processing.
show an example of such a VLF wave and its time-
frequency analysis. These waves were already used in
an MT processing study by Zhang & Paulson [8].
The assortment of low frequency geomagnetic sources
is large. Among transient events at periods lower than
200 s, there are Pc5 geomagnetic pulsations that have
periods up to 500-600 s [1]. Geomagnetic storms are
also low frequency sources of induction. They have al-
ready been studied with wavelet analysis (e.g., [27]).
We show, for example, in Figure 12 a signal of interest
at low frequency that was recorded on the Piton de
La Fournaise volcano on 16 July 1997, and the signal
contains significant frequency content up to more than
1000 seconds.
Conclusion
We have shown through these experiments that the
continuous wavelet transform (CWT) is an easy and
efficient way to characterize the magnetotelluric (MT)
response function for transient geomagnetic events.
Using this technique, we have shown that most of
the information contained in the source wavelet co-
efficients is sufficient in datasets to enable the charac-
terization of the MT impedance tensor. Two types of
geomagnetic events were studied, geomagnetic pulsa-
tions and sferics, and thus this work increases the fre-
quency band studied in previous publications involving
CWT application during MT processing. The mother
wavelet has to be adapted to each transient event to
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Figure 11 Very low frequency wave in the Hx time series at
Rittershoffen. Sampling frequency: 32768 Hz.
accurately recover the source information. Even irreg-
ular geomagnetic pulsations that are very localized in
the time and frequency domains simultaneously can
be used in MT processing. The other transient sources
of induction are currently being investigated and will
be the subject of future papers on wavelet analysis of
magnetotelluric time series.
We have also shown that we were able to drastically
reduce the noise bias of the considered datasets on
the MT response function in the case of a single sta-
tion configuration. This was achieved by using the high
signal-to-noise ratio transient events in the MT time
series. By using robust statistics with only two geo-
magnetic events in the wavelet domain, we were able
to recover accurate response functions.
Yet, we still have to develop a way to automatically
detect geomagnetic events to analyze their properties
(e.g., polarization) and their effect on MT impedance
computation.
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